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Abstract

The maximal domain theorem by Gul and Stacchetti (J. Econ. Theory 87
(1999), 95-124) shows that for markets with indivisible objects and sufficiently many
agents, the set of gross substitutable preferences is a largest set for which the ex-
istence of a competitive equilibrium is guaranteed. This implies that no relaxation
of the gross substitutability can guarantee an equilibrium to exist. However, we
note that there is a flaw in their proof, and give an example to show that a claim
used in the proof may fail to be true. We correct the proof and improve the result
by showing that even there are only two agents in the market, if the preferences
of one agent are not gross substitutable, then gross substitutable preferences can
be found for another agent such that no competitive equilibrium exists. Moreover,
we introduce a weaker condition, the notion of implicit gross substitutability, which
can guarantee the existence of a competitive equilibrium when the preferences of
some agent are monotone.
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1 Introduction

An essential issue for markets with heterogeneous indivisible objects is under which condi-
tions an efficient allocation of objects can be supported by a system of competitive prices

1 A sufficient condition for the existence of a competitive

as an equilibrium outcome.
equilibrium is the gross substitutability (GS) condition, which requires that objects are
substitutes in the sense that the demand of each agent for an object does not decrease
when prices of some other objects increase. Kelso and Crawford [7] introduce a price ad-
justment procedure and prove that under gross substitutable preferences, such procedure
will give rise to a competitive equilibrium.

Gul and Stacchetti [3] study markets with monotone preferences by adopting a less
restrictive condition, the weak gross substitutability (WGS) condition, which requires that
agents view objects as substitutes for each other when prices are non-negative. Based on
the Kelso-Crawford price adjustment procedure, they note that under the monotonicity
assumption, WGS preferences are sufficient for the existence of a competitive equilibrium.
Moreover, they prove that the WGS condition is also necessary in the maximal domain
sense: for a market with sufficiently many agents, if the preferences of some agent violate
the WGS condition, then WGS preferences can be found for other agents such that no
competitive equilibrium exists.

Nevertheless, we note that there is a flaw in the proof of Gul-Stacchetti maximal
domain theorem, and present an example to show that a claim used in the proof may

fail to be true. To correct the proof, we give an equivalent characterization of the GS

condition? and an alternative maximal domain result which shows that if the preferences

LA sampling of relevant works includes Kelso and Crawford [7], Bikhchandani and Mamer [2], Ma [8],
Bevid et al. [1], Gul and Stacchetti [3, 4], Sun and Yang [10], and Teytelboym [11].
2See Theorem 3 for details.



of some agent fail the GS condition, we can construct GS preferences for another agent
such that no competitive equilibrium exists in the two-agent market. This implies that
even for markets with few agents, no relaxation of the GS condition (or of the WGS
condition together with the monotonicity assumption®) can guarantee the existence of a
competitive equilibrium.

On the one hand, our result improves upon the Gul-Stacchetti maximal domain theo-
rem, but on the other hand, it makes it seem more difficult to give new existence results
with conditions weaker then the GS condition. One way to circumvent the difficulty is
to consider the markets in which not all agents have monotone preferences. It should
be noted that, while monotonicity of preferences is a commonly used assumption in the
literature, there are numerous economic situations in which monotonicity is not always
satisfied.* For instance, an extra bed might be a burden for an agent with a small house.
We introduce the notion of implicit gross substitutability (IGS), which requires that allow-
ing agents to dispose of undesirable objects for free will make objects become substitutes,
and thus exhibits substitutability in an implicit way. We prove that the IGS condition is
weaker than the WGS condition, and yet is sufficient for the existence of a competitive
equilibrium when there exists an agent with monotone preferences.

The rest of the paper is organized as follows. In Section 2, we recall the Gul-Stacchetti
maximal domain theorem and give an example to show that there is a flaw in the proof.
In Section 3, we give an alternative proof and prove new maximal domain results with a
characterization of the gross substitutability. Finally, we provide a new existence theorem

based on the IGS condition in Section 4, and present a proof in the Appendix.

3We prove that under monotonicity, GS and WGS are equivalent. See Lemma 2 (b) for details.
4See Manelli [9] and Hara [5, 6] for discussions on markets without the monotonicity assumption.



2 Gross substitutability as a maximal domain

Consider an economy with a finite set N = {1,...,n} of agents and a finite set Q =
{ay,...,an} of heterogeneous indivisible objects. Let p = (p,) € RI®l be a price vector,
where p, denotes the price of object a € €2, which is allowed to be negative. For any
bundle of objects A C €, let x4 € RI®l denote the characteristic price vector that has
price 1 for objects a € A and price 0 for objects a ¢ A. We assume that agents’ net utility
functions are quasilinear in prices in the sense that each agent ¢’s utility of consuming

bundle A C ) at price level p is
ui(A,p) = vi(A) — p(A),

where v; : 2% — R is a valuation function satisfying v;()) = 0 and p(A) is a shorthand
for > caPa- We also assume that agents are not subject to any budget constraints, and
hence we can represent such a trading economy by & = (€2; (v;,i € N)).

A valuation function v; is called monotone if v;(B) < v;(A) for B C A C Q. The

monotone cover of v; is the valuation function v; defined by
0;(A) = max{v;(C) : C C A} for A C Q.

Clearly, a valuation function v; is monotone if and only if v; = ;.
A competitive equilibrium for economy &£ is a pair (p; X), where X = (X3,...,X,) is

a partition of objects among all agents and p is a price vector such that for all i € N,

Xi € Dy, (p) = argmaxwui(4, p).



In that case, X is called an equilibrium allocation and p is called an equilibrium price
vector. The possibility that X; = () for some agent i is allowed.

A crucial condition for the guaranteed existence of a competitive equilibrium is the
gross substitutability. Formally, a valuation function v; : 2% — R is called gross substi-

tutable (GS) if for any vector p € RIl, the following condition holds:
Ae D,(p),p >p= 3B € D, (p') such that {a € A: p, =p,} C B. (1)

Moreover, we say that v; is weakly gross substitutable (WGS) if condition (1) holds for all
non-negative vectors p € ]le‘. Note that WGS is strictly weaker than GS. Consider the

function v; : 22 — R given by Q = {a, b, c} and

2, if A={a},

1, otherwise.

It is not difficult to verify that v; is weakly gross substitutable, but violates the GS
condition.

Kelso and Crawford [7] introduce a price adjustment procedure and show that under
gross substitutable preferences, such procedure will give rise to a competitive equilibrium.
More precisely, a direct application of Theorem 2 of Kelso and Crawford [7] leads to the

following result.

Theorem 1 (Kelso-Crawford) For the economy & = (Q; (v;,i € N)), there exists a

competitive equilibrium if one of the following conditions holds:

(a) each agent i’s valuation function v; satisfies the GS condition.

(b) each agent i’s valuation function v; is monotone and satisfies the WGS condition.
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On the other hand, Theorem 2 of Gul and Stacchetti [3] shows that when there are
sufficiently many agents and each agent’s preferences are assumed to be monotone, the
set of WGS preferences is a maximal domain for which the existence of a competitive

equilibrium is guaranteed.

Theorem 2 (Gul-Stacchetti) Let vy : 2 — R be a monotone valuation function that
violates the WGS condition. Then there exists an n-agent economy € = (§2; (v, ..., v,))
such that v; is monotone and satisfies the WGS condition for i = 2,...,n, but no com-

petitive equilibrium exists in E.°

To prove the above maximal domain theorem, Gul and Stacchetti [3, pp. 122-123] claim
that if there exist a pair of bundles A, B C Q and a vector p € R/l such that the following

conditions hold:

(i) |A\B| > 1 and B\ A = {b} for some b € ;

(i) w1 (B,p) > w1 (A, p);

(iii) C CQ and w1 (C,p) > ui(A,p) = |A\C| + |C\A| > |A\B| + 1;

then no competitive equilibrium exists in the economy (€; (v1,v9, V3, Vg, - - ., Vs, )) given

by {ai,...,a,} = Q\[AU B,

;

©) 0, it CN(A\B) =0,
max{p, + v1(2) +1:a € CN(A\B)}, otherwise,
0, it CN[(A\B) U{b}] =0,
Ug(o) =
max{p, + v1(2) +1:a € CN[(A\B)U{b}]}, otherwise,

\

5 According to Gul and Stacchetti’s proof, the number of agents required to construct such an economy
£ is endogenous, and might be very large.



and,
'Ul(Q>—|—1, if Q4 EC,
Vq, (C) =
0, otherwise,
fory=1,...,r.

However, the following example shows that the claim is not correct.

Example 1 Let Q = {a,b,c}, A = {a,c}, B = {b}, and let p € R be the vector such

that p, = p. = 2 and p, = 1. Consider the economy E = (§2; (vq,v9,v3)) given by

7, if C ={a,c} or{a,b,c},
5 if C ={b}, or{a,b} or {b,c},
3, if C={a} or{c},

0, ifC=0,

and

10, ifCNA#0Q,
10, ifCNA#0D,
va(C) = vs(C) =199, if C={b},

0, otherwise,

0, ifC=0.

Note that conditions (i)-(iii) are satisfied, but the allocation X7 = {b}, Xo = {a}, X3 = {c}

can be supported by prices p, = p. = 2 and pp, = 1 as an equilibrium allocation.



3 A correct proof of Theorem 2

Our approach relies on the notion of improvability, which requires that any suboptimal
bundle A C Q at price level p € RI¥l can be strictly improved by either removing an
object from it, or adding some objects to it, or doing both. It should be noted that our
improvability condition is similar to but apparently weaker than the single improvement
(SI) condition by Gul and Stacchetti [3]. Formally, a valuation function v; : 2% — R is
said to be improvable if for any price vector p € Rl and for any bundle A € 2°\ D, (p),
there exists a bundle B C ) such that |[A\B| < 1 and u;(B,p) > u;(A,p). We begin our

analysis with a useful lemma.

Lemma 1 Let v; : 2% — R be a valuation function. If v; is not improvable, then there
exist a price vector p € R and a pair of bundles A, B € D,,(p) such that |A\B| > 2 and
ACCCAUB forall C € D,,(p)\{B}.

Proof. Assume that v; is not improvable. By definition, there exist a price vector ¢ € RI!

and a bundle A ¢ D, (q) such that |[A\C| > 2 for all C € [';(A,q) = {C C Q: 4 (C,q) >
ui(A,q)}. Let B € T';(A, q) be a bundle satisfying

(i) |A\B| < |A\C| for all C € T';(A4, q), and
(ii) |C\A| > |B\A]| for all C € I';(A, q) with ANC = AN B.

Consider the vector

_ ul(Ba(J) _ul(A7Q)
D = q + EXQ\(AUB) — EXANB — A\B| XA\B-

Then there exists a large number € > 0 such that

Ae D, (p) ={Btu{C CQ:u(C,q) =u(Aq),ACCC AUB}.
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This completes the proof. m
The following result shows that the notion of improvability is equivalent to the GS

condition.

Theorem 3 A waluation function v; : 2% — R satisfies the GS condition if and only if it

1s improvable.

Proof. See Appendix A. =
We then prove that even for markets with only two agents, the existence of a compet-

itive equilibrium cannot be guaranteed by any relaxation of the GS condition.

Theorem 4 Let v; : 2% — R be a valuation function that violates the GS condition.
Then there exists a GS valuation function vy such that no competitive equilibrium exists

in the two-agent economy € = (€); (vy, v2)).

Proof. Since v; violates the GS condition, the combination of Theorem 3 and Lemma 1

implies that vy is not improvable, and hence there exist a price vector p € RI”l and a pair
of bundles A, B € D,, (p) such that |[A\B| > 2and A C C C AUB for all C € D,,(p)\{B}.

Let M =1+ cco0 [01(CO)] + Y ocq [Pa] and let p € RI®! be the vector given by

(

Da,s if a € B,
DPa = \ po — 9, ifaEA\B,

M, otherwise,

\

where

) min{u; (A,p) —u1(C,p) : C ¢ D,,(p)} > 0.

1
[A\B|



Let vy be the valuation function given by

M, if CN(A\B) #9,

0, otherwise.

Clearly, v, is gross substitutable since it is the sum of an additive function and a unit-
demand function.®

We are going to prove that no competitive equilibrium exists in the economy & =
(Q; (v1,v2)). Suppose, to the contrary, that there exists an equilibrium (p*; (X, X53))
for £. Since the equilibrium allocation (X, X3) must be efficient, we have X; C A U
B, X, N (A\B) # 0. This implies X; ¢ D,,(p) and hence u; (X1, p) + §|A\B| < u1(B, p).

Moreover, let p’ € RI”l be the vector given by

/ Pa, ifa € B,
Py =
ps, otherwise,

then (p'; (X1, X3)) is also a competitive equilibrium for £. We consider two cases.
Case I. X;\B # (). Note that for each a € X;\B C A\ B, we have p/, > vo(XoU{a})—

v9(X32) = Pa = pa — 9. This implies

u1(X1,p") < wi(Xq,p) + 0| X7 \B| < ui(Xy,p) + 0| A\B|

S ul(Bap) = ul(B7p,)7

6Recall that a valuation function v; : 22 — R is additive if there exists a vector p € RI’l such that
v;(C) = p(C) for all C C O, and that a monotone function v; is unit-demand if v;(C) = mazq,ecvi;({a})
for all C' C Q. One can easily check that the sum of an additive function and a unit-demand function is
gross substitutable.
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contracting the fact X; € D,, (p').
Case II. X; C B. Then we have A\B C X,. Since |A\B| > 2, it follows that for each
a € A\B, pl, <vy(X3) —v2(Xo\{a}) = po = po — 6. This implies

ur(A,p') = ur(A, p) + | A\B| > w1 (X1, p) = ua (X3, p').

This is also impossible. m
The following result implies the Gul-Satcchetti maximal domain theorem (Theorem
2) and shows that even for markets with few agents, no relaxation of the WGS condition,

together with the monotonicity, can ensure the existence of a competitive equilibrium.

Theorem 5 Let v; : 22 — R be a monotone valuation function that violates the WGS
condition. Then for any positive integer n > 2, there exists a sequence of monotone and
WGS valuation functions, {ve,...,v,}, such that no competitive equilibrium exists in the

economy € = (Q; (v1, v, ..., v,))."7

Proof. Since v; violates the WGS condition, it violates the GS condition as well. By
Theorem 4, there exists a GS valuation function wy such that no competitive equilibrium
exists in the economy (£2; (v, ws)).

It is not difficult to see that the monotone cover wy of wy satisfies the GS condition.
Let ws be the valuation function given by ws(A) = 0 for A C Q, and let wy be an
arbitrary GS valuation function. By Theorem 1, we know that there exists a competitive
equilibrium (p; (X, X3, X)) for the economy (; (wsq, w3, wy4)). For each bundle A C Q,

let A’ denote a subset of A such that wy(A) = wq(A") = wy(A’). Then for any A C Q, we

“In contrast to the Gul-Stacchetti maximal domain theorem, the number of agents in this theorem is
exogenously given.

11



have

Wy (Xa U X3) — p(Xo U X3) > [wa(Xy) — p(Xa)] + [ws(X3) — p(X3)]

v

[w2(A) = p(A)] + [ws(A\A') — p(A\A)]

w2 (A) = p(A).

This implies that (p; (X3UX3, X)) is a competitive equilibrium for economy (€2; (w9, wy)).
Since wy is an arbitrary GS valuation function, the result of Theorem 4 implies that ws
satisfies the GS condition.

Consider the economy € = (€; (vy,...,v,)), where vy = Wy and v; = ws for i > 3. We
are going to prove that no competitive equilibrium exists in £. Suppose, to the contrary,
that there is a competitive equilibrium (g; (Y1,...,Y,)) for £. Since each agent’s valuation
function is monotone, we have g, > 0 for all a € €2, and without loss of generality, we
may assume that Y; = () for ¢ > 3.

Let Y] be a subset of Y5 such that ws(Ys) = wy(Yy) = wa(Yy). Then for any A C €,

we have

w(A) = q(A) < v2(A) = q(A) < va(Ya) — q(Y2) = va(V3) = q(V3) — q(V2\Y3)

< p(Yy) — q(Yy) = wa(Y3) — q(Y3),

which implies Y5 € D,,(q) and ¢, = 0 for all a € Y5\Y;. Since v; is monotone, it follows
that Y1 U (Y2\Yy) € D, (q), contradicting to the fact that no competitive equilibrium
exists in (2; (v, ws)). ™

Finally, we close this section with an analogue of Theorem 5, which shows that for

markets without the monotonicity assumption, the set of GS preferences is a maximal

12



domain for which the existence of a competitive equilibrium is guaranteed.

Theorem 6 Let v; : 2% — R be a valuation function that violates the GS condition.
Then for any positive integer n > 2, there exists a sequence of GS valuation functions,

{va, ..., v}, such that no competitive equilibrium exists in the economy (2; (v, va, ..., V).

The proof of Theorem 6 requires the following lemma, which implies that under the

monotonicity assumption, WGS and GS are equivalent.
Lemma 2 Let v, : 22 — R be a WGS valuation function.
(a) The monotone cover vy of vy satisfies the GS condition.
(b) vy satisfies the GS condition if it is monotone.

Proof. (a) Let v; be a WGS valuation function. Consider the price adjustment procedure
of Kelso and Crawford [7] for the economy & = (€2; (vy, v2,v3)), where vy is the valuation
function given by vy(A) = 0 for all A C Q and w3 is an arbitrary GS valuation function.
Since v, is monotone and each valuation function satisfies WGS, it follows that each
object will receive at least one offer at the initial zero price vector 0 € RI®l and the
procedure will terminate at a competitive equilibrium (p; (X3, X3, X3)) such that p € R'f'
and p, = 0 for a € X,. For any bundle A C . let A" be a subset of A such that
01(A) = v1(A4). Note that vy(Xs) — p(X2) > 0. This implies that for any A C Q,
01(X1 U Xp) = p(X1 U Xp) = [01(Xy) — p(X0)] + [02(X2) — p(X2)] 2 0i(A') — p(A) =
01(A) — p(A) + p(A\A") > 01(A) — p(A), and hence (p; (X7 U X5, X3)) is a competitive
equilibrium for the economy (€; (01,v7)). Together with Theorem 4, it follows that 0y
satisfies GS.

(b) Note that if v; is monotone, then v; = 0;. By the result of (a), we immediately

obtain the desired result. =
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We are now ready to prove Theorem 6.
Proof of Theorem 6. Let ¢ € RI®l be the vector given by ¢, = mingeacqlvi(A) —

v1(A\{a})] for a € Q. Then the valuation function w; defined by
wy(A) =v1(A) —q(A) for ACQ

is monotone, but violates the GS condition.

The combination of Lemma 2 (b) and Theorem 5 implies that w; violates the WGS
condition, and hence there exists a sequence of monotone and GS valuation functions
{wa, ..., w,} such that no competitive equilibrium exists in (2; (wy,...,w,)). For i =
2,...,n, let v; be the valuation function defined by v;(A) = w;(A4) + q(A) for A C Q.
Clearly, v; satisfies the GS condition for ¢ = 2,...,n, but no competitive equilibrium

exists in (2 : (vy,...,v,)). =

4 Beyond the gross substitutability

The foregoing maximal domain theorems make it seem difficult to establish existence
results with relaxations of the GS condition. In this section, we try to circumvent the
difficulty with the notion of implicit gross substitutability (IGS), which is inspired by the
idea of “free disposal” condition. We are going to see that the IGS condition is weaker
than the WGS condition, and yet is sufficient to guarantee a competitive equilibrium to
exist when the preferences of some agent are known to be monotone.

Monotonicity of preferences is a commonly used assumption in the economic literature.
This assumption can be justified by offering free disposal of unwanted objects. In that

case, possessing more objects does not make any agent worse off, and each agent s
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original valuation function v; would thereby be replaced by its monotone cover v;.

A valuation function v; : 2% — R is called implicitly gross substitutable (IGS) if its
monotone cover v; is gross substitutable. Roughly speaking, the IGS condition requires
that allowing agents to dispose of undesirable objects for free will make objects become
substitutes for each other, and thus exhibits substitutability in an implicit way. The result
of Lemma 2 (a) shows that IGS is weaker than WGS.

We now give our new existence result, Theorem 8, in which we try to extend the Kelso-
Crawford equilibrium existence theorem (Theorem 1) with the IGS condition. Our idea
is based on a more general observation which shows that when there exists an agent with
monotone preferences, the existence of a competitive equilibrium is irrelevant to whether

agents are allowed to dispose of undesirable objects for free.

Theorem 7 Let £ = (Q; (v;,i € N)) be an economy and denote € = (Q; (0;,i € N)). If

vy 1S monotone, then the following results hold:

(a) Each equilibrium allocation for £ is also an equilibrium allocation for £,

(b) FEach equilibrium price vector for £ is also an equilibrium price vector for E.

(c) & has a competitive equilibrium if and only if € has a competitive equilibrium.
Proof. (a) Assume that (p; X) is a competitive equilibrium for £. We are going to prove

that X is an equilibrium allocation for . Let p e ]R‘fl be the price vector given by

’ pa7 if pa Z O)
Py =
0, ifp, <O.

15



We first prove that (p’; X) is a competitive equilibrium for €. Let A = {a € Q : p, < 0}.

In case there exists a € A\ Xj, since v; is monotone, we have

v1 (X1 U {a}) — p(X1U{a}) > vi(Xy) — p(Xy) — pa > v1(X1) — p(X1),

violating the fact X; € D,,(p). This implies A C X, and hence we have X; € D, (p') for

i # 1 and for each bundle A C Q,

vi(X1) = p'(X1) = [vi(X1) — p(X1)] + p(A) = [vi(AU A) = p(AU A)] + p(A)

= (AUA) —p (AU A) > v (A) —p'(A).

We next prove that 0;(X;) = v;(X;) for all i € N. In case there exists an agent
i # 1 such that v;(X;) > v;(X;), there exists a proper subset B of X; such that v;(X;) =
v;(B) = ;(B). Together with the fact p, > 0 for all a € X;, we have v;(B) — p(B) >
v;(X;) — p(B) > vi(X;) — p(X;). Since X; € D,,(p), this is impossible.

We are now ready to prove that (p; X) is also a competitive equilibrium for . In case
there exists an agent j # 1 such that 0;(X;) — p'(X;) < v,(C) — p/(C) for some bundle
C C Q. Since X; € D,,(p') and 9;(X;) = v;(X;), we have

This implies v;(C') < 0;(C) and 0;(C) = v,;(C") for some proper subset C’ of C'. Hence,
we have

vi(C) = P'(C7) 2 3;(C) = p'(C) > v;(X;) = P'(X)),

contradicting to the fact X; € D, (p').

16



(b) Assume that (p; X) is a competitive equilibrium for €. Note that since all agents
in € have monotone preference, the equilibrium price vector p must be non-negative. We
are going to construct a competitive equilibrium (p; Y) for £ such that Y; C X for i # 1,
and V) = [Upia (X3\Y5)] U X;.

For each i = 2,...,n, we choose Y; C X; such that 0;(X;) = v;(V;) = 0;(Y;). Since

X; € Dy, (p), we have

03(X;) — p(Xs) > 0:(Y) — p(Ya) = 05(Xs) — p(Yi) > 05(X;) — p(X5).

Let Y7 = [Up1(X;\Y:)] U Xy. Since v; is monotone and p, = 0 for all a € U1 (X;\Y;), it

follows that for any bundle A C €, we have

01 (Y1) = p(Y1) > 01(X1) — p(Xy) = 01(X4) — p(X1)

> 01(A) = p(A) = vi(A) = p(A).
This completes the proof of (b). Finally, the combination of (a) and (b) yields the result
of (¢). m

Theorem 8 For the economy € = (Q; (v;,1 € N)), there exists a competitive equilibrium

if v1 is monotone and each agent i’s valuation function v; satisfies the IGS condition.

Proof. Assume that v; is monotone and v; satisfies IGS for ¢ = 1,...,n. This implies

that 0; satisfies GS for ¢« = 1,...,n, and hence there exists a competitive equilibrium for

17



the economy (€; (01, ...,0,)) by Theorem 1. Combining with Theorem 7, we obtain the

desired result. m

Appendix. Proof of Theorem 3

The proof of Theorem 3 requires the following lemma.

Lemma 3 Suppose that the valuation function v; : 2% — R is improvable. Then for
price vectors p,p’ € R with p > p and for A € D,,(p)\D,, (1), there erists A* €

arg mingep, () [P'(C) — p(C)] such that {a € A: p, =p.} C A*.

Proof. Let C* € argmingep, ([P (C) — p(C)] and let X = {a € A\C* : p, > p.}. In
case X = (), we have A € argmingep,, [P (C) — p(C)] and the proof is done. Assume

that X = {ay,...,a,} # (). Since v; is improvable and

There exists a small positive number £ such that

L. Dy, (p + Xa\(auc) + €X{a}) = {C € Dy, (p + Xa\(aucs)) - a1 ¢ C}, and

2. A\{a1} C A, for some Ay € Dy, (p+ xa\(auc=) + EX{ar})-

Inductively, we can construct a sequence of distinct bundles, A;,..., A, € D, (p +
Xa\(auc+)), such that A\{ay,...,a;} CA; CAUC*for j=1,...,r. Let A* = A,. Since
A\X C A* C AuC* and A* € D, (p), it follows that {a € A : p, = p,} € A* and
{a € AN\C* : p, > p.} = 0, and hence A* € argmincep,, ([P (C) —p(C)]. =

We are now ready to prove Theorem 3.

(=) Let v; be a GS valuation function. Suppose, to the contrary, that v; is not improvable.
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By Lemma 1, there exist a price vector p € RI®l and a pair of bundles A, B € D.,,(p)
such that |A\B| > 2 and A C C C AUB for all C € D, (p)\{B}. This implies
D, (p+ X{a}) = {B}. Hence, when the prices are increased from p to p+ x{a}, no bundles
in Dy, (p 4+ X{a}) contain object b, violating the GS condition.

(«=) Let p°, p’ € RI¥® be two distinct vectors such that p’ > p® and let A € D, (p°)\ D, (p').
By Lemma 3, there exists A, € argmingep, 0)[p'(C) — p°(C)] such that {a € A : pl, =
P’} C Ay In case Ay € D, (p), the proof is done. Otherwise, there exists a price
vector p' = t1p’ + (1 — ¢1) p° for some positive number ¢; < 1 such that A; € D,,(p') but
Ay ¢ D, (tp’ + (1 — t)p°) for t > ¢;.

Since Ay € Dy, (p')\ Dy, (p'), there exists Ay € argmingep,, 1) [p'(C) —p'(C)] such that
{acA:ip,=pa} C{acAr:ip, =p} €A

by Lemma 3 again. In case Ay € D, (p'), the proof is done. Otherwise, there exists a
price vector p? = top’ + (1 —t3)p' for some positive number ¢, < 1 such that Ay € D,,(p?)
but Ay ¢ D, (tp' + (1 — t)p') for t > t,. Note that Ay # Ay and Ay & D, (p').

Since the set of objects is finite, we can inductively construct a sequence of distinct
bundles Ay, As, ..., A, and a sequence of distinct price vectors p° < --- < p~! <p" =/

such that for j = 1,...,r, we have A; € argmingep, -1 [p'(C) — p~'(C)] and

{a € Arp, =ps} CAj € Dy(p)).

This completes the proof.
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