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1 Introduction

To an expected-utility maximizer faced with a decision problem, information is valuable.
To such an agent, Bayes’ law is the optimal way to react to new information.! There are
other ways to react to new information, however. Are there any others, beyond Bayes’
law, that are such that more information is always preferred to less?

The conservative Bayesianism of Edwards (1968) is not such an updating rule—agents
may strictly prefer less information-and neither are updating rules that exhibit confirma-
tory bias (Rabin and Schrag (1999)). Divisible updating (Cripps (2022)) also may yield a
negative value for information; likewise the & — f model of Grether (1980).

These updating rules are examples of updating rules that (following de Clippel and
Zhang (2022)) systematically distort beliefs, for which there exists a distortion function
from the correct Bayesian posterior to that produced by the updating rule. Restricting
attention to such rules, we uncover a stark difference between two states and three or
more. We show that if an updating rule is such that any experiment is more valuable to a
decision maker than any garbling when there are three or more states—viz., if it respects
the Blackwell order-then if the updating rule makes an error (produces a non-Bayesian
belief) for a realization of some experiment, all beliefs on the relative interior of any face
of the simplex that contains that incorrectly understood belief must be mapped to the
same incorrect belief by the updating rule.’

To put differently, observe that any signal realization, under Bayes’ law, eliminates
some (possibly) empty set of states—ranging from none to all but one. What we show
is that (outside of the special case) if an updating rule “gets it wrong” when the belief
should eliminate some set of states, then any other signal realization that should elimi-
nate some (possibly empty) subset of those states (but no others), must also “get it wrong.”

Furthermore, the updating rule must yield the same belief for any such signal realization:

!We mean the updating rule that maximizes the decision-maker’s ex ante expected payoff.

2We are omitting one special case: if the updating rule makes an error for some signal realization that
lies on an edge of the simplex—that is, the realization eliminates all but two states—and the incorrect belief
also lies on that face, then it is possible that the updating rule does not make an error for a subset of beliefs

on that edge.



all realizations that eliminate some of those states are treated identically by the decision
maker.

It turns out that this extreme coarseness is also sufficient for an updating rule to re-
spect the Blackwell order. In short, for three or more states, these updating rules, and
only these—note that this includes Bayes’ law as a special case when there are no mistakes—
systematically distort beliefs and render the value of information positive.

On the other hand, an updating rule that respects the Blackwell order has more free-
dom when there are only two states. Such updating rules must divide the interior of the
belief space into at most three regions. In the central region, the updating rule is Bayes’
law, whereas on the outer two regions, the updating rule is again a coarse rule that maps
all beliefs in the region to the same belief. These conditions are sufficient for an updating
rule to guarantee a positive value for information, so we have a full characterization.

The family of updating rules we identify in the previous paragraph includes Bayes’
law as a special case (of course). Notably, it also includes the updating rule proffered in
Example 4 of Jakobsen (2019), who illustrates that a special case of this updating rule is
consistent with the Blackwell order—we show that our generalization of his example is the
unique such rule.

In establishing these results, it is helpful to introduce two categories of error: ex-
pansive, where the updating rule produces beliefs outside of the convex hull of the cor-
rect (Bayesian) posterior distribution’s convex support; and contractive, where the up-
dating rule produces beliefs within the Bayesian posterior distribution’s convex support.
From there, we start with an arbitrary posterior for which the updating rule produces
an expansive (contractive) error. For any distribution with such a belief in its (convexly-
independent) support, we show that any belief that is a strict convex combination of the
initial error posterior and some collection of the other support points that is interpreted
correctly by the updating rule must yield a violation of the Blackwell order.

Next, we show how the remainder of the specified face of the simplex can be “filled
in.” We show that any point in the relative interior of a face containing an error must be
in the relative interior of the convex hull of the support of some distribution for which

the updating rule has an error. We proceed by contraposition; assuming not, then illus-



trating how we can then find a decision problem for which the value of information is
negative. Beyond this, we need merely take care of a few loose ends, as well as show
that the updating rules our approach failed to eliminate do, in fact, respect the Blackwell

order, closing the gap between necessity and sufficiency.

1.1 Related Work

By now there are many papers that explore non-Bayesian updating. One vein of the
literature formulates axioms that produce updating rules other than Bayes’ law. Epstein
(2006) studies an agent whose behavior is in the spirit of the prone-to-temptation agent
of Gul and Pesendorfer (2001). Ortoleva (2012) axiomatizes a model in which an agent
does not behave as a perfect Bayesian when confronted with unexpected news. Of special
note is Jakobsen (2019), who introduces a model of coarse Bayesian updating in which a
decision-maker (DM) partitions the belief simplex into a collection of convex sets. Every
Bayesian belief, then, is understood by the DM as the representative belief corresponding
to the partition element in which the (correct) Bayesian belief lies.

As we mention earlier, Jakobsen (2019) presents an example of a coarse Bayesian up-
dater who, nevertheless, assigns a higher value to more information. His Proposition 7
states precisely when a regular (for which all cells of the partition have full dimension)
coarse Bayesian updating rule respects the Blackwell order. One implication of our main
theorem (Theorem 5.1) is that Bayes’ law and the regular coarse Bayesian updating rule
with a single element (the entire simplex) are the only (regular) coarse updating rules
that respect the Blackwell order when there are three or more states.

This work is also related to the work on dynamically consistent beliefs-see, e.g., Gul
and Lantto (1990); Machina and Schmeidler (1992); Border and Segal (1994); Siniscalchi
(2011); and the survey, Machina (1989). Another seminal paper in that area is Epstein
and Le Breton (1993), who show that “dynamically consistent beliefs must be Bayesian,”
thereby establishing an equivalence (as Bayesian beliefs are obviously dynamically con-
sistent). Naturally, although dynamically consistent beliefs must mean that the DM’s
updating rule respects the Blackwell order, our Theorem 5.1 demonstrates that beliefs

that respect the Blackwell order need not be dynamically consistent.
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Closely tied to the notion of dynamic consistency is the value of information for DMs
with non-expected-utility preferences. That some experiments may be harmful to a
DM is illustrated in Wakker (1988), Hilton (1990), Safra and Sulganik (1995), and Hill
(2020). Li and Zhou (2016) show that the Blackwell order holds for almost all DMs with
uncertainty-averse preferences provided they can commit ex ante to actions, and Celen

(2012) establishes that it holds for an MEU DM.

2 Setup

There is a finite set of states of nature, ©, with |@| =n. A = A(0) is the n — 1-simplex, the
set of probabilities on ©. Let u € intA denote our decision-maker’s (DM’s) full-support
prior. A statistical experiment, or signal, is a map 7: ® — A(S), where S is a finite set of
signal realizations. Denote the set of all experiments with finite support II.
A? = A(A(©)) denotes the set of distributions over posterior probabilities (posteriors)
x € A. An Updating Rule, U is a map
U: AxIT— A’

2

(7)) = py

where p € A? is a distribution over posteriors whose support is a subset of A. One notable
updating rule is the Bayesian updating rule, Ug, which produces the Bayesian distribu-
tion over posteriors, pg, i.e., (i, ™) U, PB-
Corresponding to an updating rule, U, is a mapping from the Bayesian distribution
over posteriors to the distribution over posteriors produced by the updating rule, ®.
D: A2 5 A?
PB— P

We define this mapping to be such that the following diagram commutes:

AxTT —22s A2

Nl



Following de Clippel and Zhang (2022), we say that an updating rule U Systematically
Distorts Beliefs if its corresponding @ is such that there exists a well-defined function

@: A — A, where

PB 0 P
{xl!'-'ka} = {(P(xl)l'“l(p(xk)}f

(assuming that each x; is distinct) and Py, (x;) =P, ((p (x]-)) for all j. Throughout, we will
restrict attention to updating rules that systematically distort beliefs—which from now
we term Updating Rules—which allows us to conduct our analysis within A. An updating
rule, U, Respects the Blackwell Order if for any prior u € A, compact action set A, and
continuous utility function u: A x® — R, a decision maker’s ex ante expected utility
from observing experiment 7 is higher than from observing 7’ if 7t > 7/, where > is the
(Blackwell) partial order over experiments. 7’ is said to be a garbling of 7.

We note the following result. Letting experiment 7t correspond to the (Bayesian) dis-
tribution over posteriors with affinely independent support pg and experiment 7’ corre-

spond to the distribution over posteriors with affinely independent support pj,
Theorem 2.1 (Wu (2022)). 1t > 7" if and only if convsupp pp C convsupp pp.
Given a set of actions A, we define the value function to be

\%4 = E ,0),
(x) := maxTEyg)u (a,0)

where x = x(0) € A is the DM’s belief. Value function V is continuous and convex. More-
over, when A is finite it is piecewise affine, and its graph is a polyhedral surface in IR".
Associated with any such value function is the projection of V onto A, which yields a
finite collection C of polytopes C; (i = 1,...,m, where |A| = m). By construction, action
a; is optimal for any belief x € C; and uniquely optimal for any belief x € intC;. C is a

mathematical object known as a Power Diagram.

2.1 Additional Preliminaries

Restricting attention to updating rules that systematically distort beliefs allows us to not

only place our analysis squarely in belief space but also focus for the most part on ex-
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(a) An expansive error (b) A contractive error

Figure 1: The two varieties of error. supp pp the red dots; p, the blue x; £, hollow black.

periments that produce Bayesian distributions over posteriors with affinely independent
support. Given such a pg, there are two broad classes of errors that an updating rule can
produce.

We say that an error is Expansive for pp if for some pp with support on k affinely
independent points of support {xi,...,x;} (k < n), there exists an x; € supp pp such that
@ (x;) € convsupp pp. Alternatively, we say that an error is Expansive for some (correct)
x € A if ¢ (x) does not lie on the line segment between x and y. An updating rule that is
such that there is an expansive error for some pg or some x Produces an Expansive Error.

In contrast, we say that an error is Contractive for pj if for some pg with support on k
affinely independent points of support {xy,..., x;} (k < n), there exists an x; € supp pp such
that ¢ (x;) € convsupp pp and x; # ¢ (x;). Alternatively, we say that an error is Contractive
for some (correct) x € A if ¢ (x) lies on the line segment between x and y (and ¢ (x) =
x). An updating rule that is such that there is a contractive error for some pz or some
x Produces a Contractive Error. An updating rule may produce both expansive and
contractive errors. Figure 1 illustrates the two types of error.

We say that an updating rule is Trivial on a subset S C A if it is such that ¢ is a constant

function on S, i.e., for all x € S, ¢ (x) = x* for some x* € A. That is, a trivial updating rule



on S is one that maps every correct Bayesian posterior, x € S, to a common posterior, x”.
Let ¢(x,y) denote the line segment between x and y for any x,y € A and ¢°(x,y) denote

the line segment between x and y for any x,y € A, not including its endpoints:
C(x,y)={x"e A|AL€[0,1]: Ax+(1-A)y =x"},

and
€°(x,y) =C(x,9)/{x, }.

One special case is when the endpoints of the line segment are y and some y € A. We
denote this £, = £(p, ). Denote the set of m-faces of the n—1-simplex by &, (0 <m <n-1).
For each S,, € §,, let 84(S,,) denote the set of t-faces of A for which §,, is also a face, and

8(S) = Uzl 8,(S,,). Formally,

m
Sy =1{S,uS,, is an m-face of A}, and 8(S,,) = {S;|S,, is an m-face of S;}.

Note that we understand the n—1-face of a simplex to be the simplex itself, and we denote

by E the set of all vertices in a simplex, i.e., E = &.

3 Expansive Errors

In this section, we focus on updating rules that produce expansive errors. Such an error
manifests, for example, in a modified version of “confirmatory bias” (Rabin and Schrag
(1999)). Suppose state n is (strictly) the most likely under the prior. Then, let U be such
that @ (x) = (1 —¥)x for all x € A, for some 1 € (0,1). For all beliefs except those lying on
the line passing through 0 and y, U produces an expansive error.

Define the sets

&= {e; € E| ple)) #eil,
the (possibly empty) set of vertices for which U produces an error; and let

A

Sp={Sned,ul xS, p(x)=x},

A

S:=u,8, I = UmzlSAm and 82 := Um22<§m



be the (possibly empty) set of faces of A, faces of A other than vertices, and faces of A
other than vertices or edges, respectively, containing beliefs for which U produces an

€rror.

We say an updating rule is Occasionally Stubborn if
1. §,,€8 implies S; € S forall S; € 8(S,,);
2. For all S, € 82, for all m, there exists an x* € A such that @ (x) = x* for all
X €intS,,;
3. If x* € intSi for some Si € 8, then either ¢ (x) = x* for all x € intSi or there
exists a vertex of Si, e; such that @ (x) = x* for all x € €°(e;’,x*) and ¢ (x) = x
forall x € S§;”\ ¢°(¢;/,x*); and

4. @(e;)el(x*,e;) for all ¢; € &.

That is, occasionally stubborn updating rules must either get “every belief correct” on
the relative interior of a (non-vertex, non-edge) face; or must be such that every belief
on the relative interior of that face, and any other face with the original face as one of
its own faces must be updated to the same belief, x* (1 and 2). Moreover, this incorrect,
stubborn, belief is unique: all incorrectly updated beliefs other than the vertices and
possibly a subset of beliefs on one edge must be updated to x* (2). If a vertex is updated
incorrectly, there is more freedom: it can be updated to any belief that is “more extreme”
with respect to that vertex than x* (4). Finally, there may be a special case in which the
updating rule produces an error for beliefs on an edge and the incorrect belief x* also lies
on that edge (3). In this event, either every belief on the interior of that edge is mapped
to the incorrect belief, or only the portion of beliefs between x* and a vertex are, with the
remainder updated correctly (3).

The central result of this section is the following theorem.

Theorem 3.1. When there are three or more states, any updating rule that respects the Black-

well order and produces an expansive error must be occasionally stubborn.
A corollary of this is

Corollary 3.2. When there are three or more states, if an updating rule respects the Blackwell
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order and produces an expansive error, it must be trivial on the interior of the probability

simplex, int A.

In proving Theorem 3.1, we start with the following proposition. We specify that pg

is a distribution over posteriors with affinely-independent support on k points: supppp =

{x1,..., xx}-

Proposition 3.3. If updating rule U is expansive for some Bayesian posterior x; € supp pp
and respects the Blackwell order, it is expansive for all Bayesian posteriors x for which x =
A -supp pp, where Z;‘ /\j =1, /\j €[0,1] forall j=1,...,k and A; > 0. Moreover, for all such x,

*

Q(x)=x".

Another way to put this proposition is as follows: if updating rule U is expansive for a
point x; in support of a Bayesian distribution over posteriors, pg, and respects the Black-
well order, then the updating rule must be expansive for any point within the convex hull
of the support of pg, other than those obtained by taking convex combinations of points

other than x;. Moreover, these points must all be mapped to the same x* by ¢.

Proof. We sketch the proof here, leaving the details to Appendix A.1.

Step 1 (“Bringing the Error Point In”): We start with some belief x;, for which U has an
expansive error, and some pg (with affinely independent support) of which x; is a support
point. We construct two new distributions pj and pj, by keeping all of the support points
of pp the same except for the 1st. That support point, x}, for pj, instead, lies within
the convex hull of pg’s support (and is not x;), i.e., it is “brought in.” Accordingly, by
construction pj is a strict MPC of pg. We do likewise with pj, “bringing the 1st point in
support of py in” in the same direction on which x; was brought in, i.e., x;, x; and x|’ are

collinear.

Step 2 (“Banishing the New Points”): Next, we argue (in Claim A.1) that if U respects the
Blackwell order, it must also produce an expansive error for the new points x{ and x7. In
fact, (p(xi) = %, and (p(xi’) = % must lie outside of the convex hull of pg’s support. We
argue by contraposition: if one did not, we could find a decision problem for which the

value of information is strictly negative.
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Step 3 (“If Distinct then More Contracted = More Extreme”): Our third step is to argue
(in Claim A.2) that if U respects the Blackwell order and %] = %/, £{ must be “more
extreme” than % in the sense that it must lie outside of the convex hull of supppz U {J@i}
Again we argue by contraposition: we construct a decision problem in which a strictly
less informative experiment is strictly better.

Figure 2 illustrates steps 1 through 3. In 2a, x; is in red, x{ in purple, x{’ green, and the
prior is the blue cross. %; is the hollow black point. 2b depicts how if ] (hollow purple)
lies within pp’s support, we can find a value function (whose power diagram consists of
the blue and black shaded regions) for which the DM strictly prefers py to pp. Similarly,

2c shows how £/’ (hollow green) must be “more extreme” than %7.

Step 4 (“All Meet the Same End”): Next, we argue (in Claim A.3) that, in fact, if U respects
the Blackwell order, £] and x| are not distinct. They are same point £]. Contraposition
is again our approach, but now the proof is a little more subtle: we compare a convex
combination of pg and pg with its strict MPC, pjg, and show that unless the destinations of

x; and x{" are the same, we can find a decision problem for which py, is strictly preferred.

Step 5 (“Repeating Steps 1-4”): We now repeat the first four steps, with the modification
that now we “bring in” some support point of pg, x;, other than x;, i.e., with respect to
which U may not produce an expansive error. As in Step 1, we construct two new MPCs,
keeping all points except for the tth unchanged, and such that the new points, x* and
x84, and x,, itself, are collinear. Then, we argue that if U respects the Blackwell order,

it must produce expansive errors for these new points, and that they must be mapped to

the same point by ¢.

Step 6 (“Filling in a Small Gap”): The proof is almost done, but there is a small gap left
to be filled. We need to show that i) the points obtained by “bringing in the error point
in” and “bringing non-error points in” are mapped to the same point; and ii) the points
at which the “bringing in the error point in” and “bringing non-error points in” processes

meet are also mapped to the same point, x*. ]

Next, the following lemma addresses the special case in which the error corresponds

to an uninformative experiment, i.e., pg = O which allows us to move from o, to the
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(b) Step 2

(a) Step 1

(c) Step 3

3.3’s proof

10n

First steps of Propositi

Figure 2
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environment of Proposition 3.3.

Lemma 3.4. If U respects the Blackwell order and ¢ (u) # p, then the updating rule pro-

duces an expansive error for some other distribution pg with affinely independent support and
|supp pB| > 2.

Before proving the theorem, let us study the two-state special case, as we will appeal

to our analysis there in the proof of Theorem 4.1.

3.1 Two States

Our first result of this subsection anticipates our full treatment of contractive errors in
the next section. It is useful to have this lemma here, as we appeal to it in the proof of

Proposition 3.6.

Lemma 3.5. Let n = 2, and suppose an updating rule U produces a contractive error for some
x > p and respects the Blackwell order. Then, there exists x* € [y, x) such that for all y € [x*,1),

@ (v) = x*. The mirrored statement holds if x < p.

This lemma is similar to Steps 2, 3 and 4, above. In short, we argue that if U respects
the Blackwell order, if one moves inward (towards the prior) from a posterior, x, for which
U has a contractive error, U must also have a contractive error for these new points, which
must all be mapped to the same incorrect belief, x*, by ¢. In fact, all points that are more
extreme than x*, except for 1, including those that are more extreme than x we started
with, must be mapped to x* by ¢.

With this in hand, we state the main result of this subsection:

Proposition 3.6. Let the number of states n = 2. If U respects the Blackwell order and produces
an expansive error for some posterior x" € (u,1), ¢ (x) = x* > x’ for all x € (0,x*). Moreover,
there exist two intervals (one of which is possibly empty) I} = [x*,%) and I, := [%,1) (x* < X <
1), with @ (x) = x for all x € I and ¢ (x) = X for all x € I,.

The mirrored statement holds if x" € (0, p), instead.

This proposition establishes that any updating rule that respects the Blackwell order

and produces an expansive error must be extremely coarse. Unless the signal realization
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leaves the decision maker certain that the state is low, say, he must interpret all signal

realizations favoring the low state as, instead, favoring the high state.

3.2 Proof of Theorem 3.1

Proof. Proofs of the claims may be found in Appendix A.5. Our first step is to show that
we may, without loss of generality, focus on errors produced by the updating rule for

non-vertex beliefs.

Claim 3.7. If U respects the Blackwell order and produces an expansive error for some vertex
e, it produces an expansive error for some x on the relative interior of every face S,, for which

e; is also a vertex.

Thus, let x; € intS,, for some S,, € ' and U have an expansive error for x;, with
X1 = @(x1). Pick an arbitrary S; € 8/(S,,). There are four cases to consider: 1. £; € intS;
and S; # A, 2. X, ¢intS; and S; = A, 3. X; €intS; (the S; under scrutiny is an edge), and 4.

X1 €intS; with t > 2 (the S; under scrutiny is not an edge).

Case 1: % ¢ intS; and S; # A. Let y3 have support on t affinely independent points
{x1,...,x;} with x; € S, for all i, x; = e; for all i # 1 where ¢; are distinct vertices of S;, and

pi =P (x;).

Claim 3.8. ¢ (x) = x* ¢ S; for all x € convsupp yp with x = A -supp yp for vector A with
5:1 Ai=1,1;€[0,1] for all j and A, > 0.

Next, construct a y; with support on ¢ affinely independent points, of which ¢ —1 are
vertices of S; and the last support point is A - supp yg, where Z§:1 Ai=1,A;€[0,1] for all
j,A1>0),and A, is close to 1 for some u # 1 with e, € supp yg. Evidently, for all x €int§;,
there exists a A of this form such that x € intconvsupp 5. Accordingly, Claim 3.8 implies

@ (x) =%, =x" for all x €intS;.

3Note that yj is not a Bayes-plausible distribution over posteriors, as y € S;; however, supp ¥p U x4,
with x;,1 € S; and p in their convex hull is the support of some pp with affinely independent support, so we

may WLOG work with just y5. We carry this approach throughout this proof.
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Case 2: % ¢ intS; and S; = A. Let pg have support on 2 points, x; and x,, with y €
¢°(x1,x,). By Proposition 3.3, ¢ (x) = x* for all x € €°(x;,x;). Next construct p; with
affinely independent support on {xi,...,x;}, where convsupppy C intA, x7 € €°(x1,x,);
and such that x* ¢ intconvsupp pj. By Proposition 3.3 ¢ (x) = x*, for all x € intconvsupp pj.
If x* € intA, we are in Case 4, below. If x* € intA, then observe that for all x € intA, we
can find two points x;" € intconvsupp p; and x5 € intA such that x, y € £° (xi’, x’z’). Thus,
Proposition 3.3 implies ¢ (x) = x".

Case 3: %; € intS;. Consider yp with binary support on {x,x,}, where x;,x, € S; (recall
x1—which must also be in int S —is the specified point for which U has an expansive error).

Define
e; = {ei € E| x; 650(921,6:)}.

By construction, this is well-defined. Then,

Claim 3.9. @ (x) = x* = %y € intS; for all x € £° (x*, e;‘). Moreover, either @ (x) = x for all

x€intS; \ €° (x*,e;f) or @ (x)=x"forall x €int 5.
Case 4: % €intS;, with t > 2. For x,p € S;, define
Py)={x"e€ S IAe[0,1]: Ax'+(1-1)y =x},

i.e., these are the points on the line between x and y on the “opposite” side of x from .
If S; # A, observe that for any x € intS; \ ({x;} U ¢ (%1,x1)), we can find a yg with binary
support {x,x,} such that x € intconvsupp yp (x is a strict convex combination of x; and
x,) and X; ¢ convsupp yp; and so, by Proposition 3.3, ¢ (x) = x* for all such x. Moreover
by Claim A.7, we must also have ¢ (x) = x* = %; for all x €int ;.

If S; = A, we construct the following two distributions: p}g, with support on {x;,x,},
where y is a strict convex combination of x; and x;, and x; is close to y; and pé, which has
support on 7 affinely independent points, one of which is in the interior of supp p, and all
of which are close to p. Proposition 3.3 implies that ¢ (x) = x* for all x € intconvsupp pj
and for all x € intconvsupp p3. Provided the support points of p3 are sufficiently close to

u, which we assume, x*,X; & convsupp pé.
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Furthermore, for any x € intA \ (p(x*, ) U@ (X1, u) U9 (x1, 4)), we can find a p% with
binary support {x3, x4} such that x4 € intconvsupp plzg, X, J € intconvsupp p% (x is a strict
convex combination of x3 and x4), and x*, % & convsupp p3. Consequently, by Proposition
3.3, ¢ (x) = x* for all such x. Moreover by Claim A.7, we must also have ¢ (x) = x* = %; for
all x €intS;.

There is one gap left to fill: what else does respecting the Blackwell order necessitate,
when the updating rule makes mistakes on a vertex (or multiple vertices)? Writing é; :=

¢ (e;), we have
Claim 3.10. If an updating rule produces an error for some vertex e; (i € {1,...,n}) é; € £ (x*, ¢;).

Note that we do not assume that the error is expansive in this claim. It holds regardless

of the type of error. [

4 Contractive Errors

In this section, we turn our attention to updating rules that produce contractive errors.
An example of such an updating rule from the literature is “conservative” Bayesianism

(Edwards (1968)), in which case ¢ (x) = Ep+ (1 - &) x for all x € A, for some & € (0,1).

Theorem 4.1. When there are three or more states, any updating rule that respects the Black-
well order, produces a contractive error, and does not produce an expansive error, must be

occasionally stubborn.
A corollary of this is

Corollary 4.2. When there are three or more states, if an updating rule respects the Blackwell
order, produces a contractive error, and does not produce an expansive error, it must be trivial

on the interior of the probability simplex, int A.

We will prove this by showing that an updating rule that respects the Blackwell order
and produces a contractive error must either produce an expansive error on that face, in

which case Theorem 3.1 holds; or be such that every point in intS,, is mapped to u by ¢.
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To that end, our first observation is the easy fact that updating rules that do not produce
expansive errors must be such that ¢ (u) = p.

Our next result points out a key difference between contractive and expansive errors.
Namely, updating rules that produce (and only produce) contractive errors must map

every point “toward” the prior.

Lemma 4.3. If an updating rule U is contractive for some Bayesian distribution over posteriors

pp, does not produce an expansive error, and respects the Blackwell order then ¢ (x) € €, for all

X € supp p.

This lemma allows us to restrict some of the analysis to a single-dimensional environ-

ment. The next lemma is a consequence of this and Lemma 3.5.

Lemma 4.4. Suppose an updating rule U produces a contractive error for some x; € A, does
not produce an expansive error, and respects the Blackwell order. Writing ¢ (x1) =t X; # x1,

*

there exists an x| € Ly, such that for all x" € £° (x;,xl ), @ (x') =x].
We follow this result with Proposition 4.5, which is an analog of Proposition 3.3.

Proposition 4.5. Suppose an updating rule U produces a contractive error for some x, in sup-
port of some pg with affinely independent support on n points, does not produce an expansive
error, and respects the Blackwell order. Then U produces a contractive error for all x for which
x = A-supppp, where Z? /\j =1, /\j €[0,1] forall j =1,...,nand Ay > 0. Moreover, for all
such x, o (x) = p.

Proof. We sketch the proof here, leaving the proof to Appendix A.7.

Step 1 (“Moving Along the Edge”): We start with some belief x;, for which U has an con-
tractive error, and some pp (with affinely independent support) of which x; is a support
point. We construct a new distribution py, by keeping all of the support points of pg the
same except for the 1st, which we “bring in” along an arbitrary one of the edges. We show
that ¢ (xi) = p for any such new x] or else we could find a decision problem where pj is
strictly preferred to pg. We then do a similar procedure for new distributions p}, which

are constructed from pp by keeping all but the sth point (s # 1) the same, and “bringing”
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Figure 3: Proposition 4.5 Proof

the sth point in along the edge connecting it and x;. All such points must be mapped to
j by .

Step 2 (“Face Points Mapped to the Prior”): Our final step is to fill in the remaining faces
of the simplex that is the convex hull of suppps, A,,. We do this starting with the edges
tackled in step 1, taking convex combinations of points on those edges to obtain points
on the interior of the 2-dimensional faces of A, that have x; as a vertex. All such points
must be mapped to u by ¢. Then we take convex combinations of points on those 2-d
faces of A, to obtain points on the interior of the 3-d faces of A, that have x; as a vertex.

This process continues until we fill in int A, itself, completing the proof. [
We can now prove the theorem.

Proof of Theorem 4.1. Let U have a contractive error for some x, € S,,, but not an expansive
error for any x € S,,,. Fix an arbitrary x € intS; where S; (t > m) is a face of A and where
S,; is a face of S;, i.e., S; € 8(S,,,)-

Case 1: x ¢ intA. Any such x lies in the relative interior of the convex hull of k (< t)
affinely independent points, {xi,...,x} that lie in S;, one of which is x,. Pick some x’ €

intconv {xq,...,x¢} and some y € dA with y = Ay+(1 — 1) x" for some A € (0,1). Accordingly,
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p € intconv {xy,...,xx, v}. Setting supp pp = {x1,..., Xk, v}, by Proposition 4.5, ¢ (x) = p.

Case 2: x € intA. If there exists a collection of 3 < k < n affinely independent points,
one of which is x, such that x and p lie in the relative interior of their convex hull, we are
done. Suppose instead there does not exist such a collection. However, we can then pick
a distribution pp with support on 3 < k < n affinely independent points, one of which is
x,, then a distribution py with support with 3 < k < affinely independent points with
some x’ € intpg in support and x € intconvsupp pg. By Proposition 4.5, ¢ (x) = p.

Claim 3.10 disciplines where ¢ can map the vertices, completing the proof. ]

4.1 Two States

Having already proved Lemma 3.5-which specifies that when there are just two states,
updating rules that produce contractive errors for some belief must map all beliefs (other
than the most extreme belief, the vertex) more extreme than the incorrectly mapped one
to the same incorrect x* (in a contractive manner)-there is nothing left to do. An imme-

diate consequence of the lemma is

Proposition 4.6. Let the number of states n = 2. If U respects the Blackwell order, produces a
contractive error for some posterior x’ € (u, 1], and does not produce an expansive error, then
@ (x)=x"€[ux’) for all x € [x*,1). Moreover, ¢ (x) = x for all x € [u,x*] and ¢ (1) > x".

The mirrored statement holds for contractive errors for some x’ € [0, p).

When there are just two states, like when there are expansive errors, updating rules
that respect the Blackwell order must be coarse. In contrast to the expansive-error case,
errors cannot be extreme: signal realizations that lead to Bayesian beliefs more confident
about one state (than under the prior), must still yield beliefs more confident about that

state under the non-Bayesian rule.
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5 Updating Rules that Respect the Blackwell Order, and
Those That Do Not

At last we arrive at the main result of the paper, a full characterization of precisely which

updating rules (that systematically distort beliefs) respect the Blackwell order.

If there are just two states, we say an updating rule is Occasionally Coarse if there
exist two (one or both of which are possibly empty) intervals C; := (0,4) and C; :=

(b,1), with 0 <a < b <1 such that

—

. p(x)=aforall xeCy,
2. p(x)=bforall xe Cy,
3. ¢(x)=x forall x € [a,b], and
4. ¢(0)<aand @(1)>10.

An updating rule that is occasionally coarse has at most two convex regions (intervals)
of beliefs on which it collapses any belief to a single belief. Moreover, there is possibly
another convex region, in between these two coarse regions, in which the updating rule is
Bayes’ law. The DM may also make mistakes about beliefs corresponding to certainty (the
vertices) but they cannot be too severe. This is exactly the “more extreme” requirement

for occasionally stubborn updating rules.

Theorem 5.1. If there are two states (n = 2), an updating rule respects the Blackwell order if
and only if it is occasionally coarse. If there are three or more states (n > 3), an updating rule

respects the Blackwell order if and only if it is occasionally stubborn.

Proof. First, let n = 2. Necessity follows from Propositions 3.6 and 4.6 and Claim 3.10. As

for sufficiency, we define function W (x) := [E,gyu (4", 0), where, understanding % := ¢ (x),

ate arg max E,g)u(4,0) .
deargmax 4 Beg)u(a,0)

A positive value for information is implied by W’s convexity in x.

By construction, (denoting ¢ (0) = u and ¢ (1) =)
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ax+p, if x=0
ox+n, if 0<x<a
W(x)={V(x), if a<x<b

yx+0, if b<x<l1

™x+p, if x=1,
where ay+ B >oy+rnforally <u,ca+n=V(a),oc=V'(a), V(b)=yb+9,y=V"(b"),
ty+p>yy+oforall y >v,and V (x)is convex.

Second, let n > 3. Necessity is a consequence of Theorems 3.1 and 4.1. For sufficiency,
consider again W (x) = maXjeargmax,., Ey)u(2,0) Ex(6)4 (4, 0). Observe that, letting s denote
the vector parallel to line-segment £°(x*, ;) in the direction of x* from e}, D;(f (x)) the
directional derivative of function f at x along s and D (f (x7)) the left-sided directional
derivative of function f at x along s,

(i) W(x)=a-x+pforall xeintS,, forall S, € 8$2, where V (x*) = a X"+ p.
(ii) If x* ¢ intS; for some S; € S', W (x) = - x + p for all x €int Sy, for all S; € S,
(iii) If x* €intS] for some S| € &), either
(a) W(x)=a-x+pforall x € £°(x",€}), for some vertex e} of S|, W (x) = V (x) > a-x+f
for all x € int S \ €°(x*, ¢7), and Ds(V(x*7)) = Dy (a - x* + p); or
(b) W(x)=a-x+p forall xeintS§;.
(iv) Forall x€S,,, forall S,, ¢S, W(x)=V (x) > a-x+p.
(v) For all ¢; € §, W (ej) > a - ¢; + B, as for a Bayesian, the regions of beliefs on which
actions are optimal are convex.

Thus, W is convex. ]

Example 5.2 (Occasionally Coarse Rules). There are two states, © = {0,1}, and the set of
actions is the unit interval, A = [0, 1]. The DM’s utility function is the standard “quadratic
loss” utility, translated up by .3 (to make the graph prettier): u (a,6) = —(a—0)* +.3. Ac-
cordingly, V (x) = —x (1 — x) +.3. Figure 4 illustrates the updating rule on the simplex, the

value function V, and the corresponding indirect value function W. Here is an Interac-
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tive Link, where one can adjust the parameters—u,a,b and v that determine the family of

occasionally coarse rules-by moving the corresponding sliders.

Example 5.3 (Occasionally Stubborn Rules). Figure 5 illustrates two occasionally stub-
born updating rules when there are 3 states. In the first (5a) ¢ ((0,0)) = (5, 6) @((0,1)) =
(£3) @((1,0)=(1, 0) and (p( x) = (%, %)forallotherxeA.

10’2
In the second (5b (% lo) = (l,l) for all x with 0 < x; < l and x, =
1—x1,g0(x)_xforallxw1th%Sx Slandxz_l—xl or 0 <x; <1andx, =0, and

@ (x)= (7 %) for all other x € A.

What are we to make of this result? On one hand, it seems to go along with the fol-
lowing vague statement that seemed correct to us a priori: except with some possible ex-
ceptions on the boundary of the simplex, non-Bayesian updating rules lead to violations
of the Blackwell order. But must they? All of them?

As we showed, our vague intuition is confirmed when there are three states or more:
other than a few exceptions on the boundary of the simplex, the only updating rule that
reacts to new information—-i.e., is non-trivial on the interior of the simplex—and respects

the Blackwell order, is Bayes law. With two states, more is permissible, but the under-
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lying dynamic behind this is clear: the single dimension disciplines and constrains the
Blackwell order, allowing for more updating rules to yield a positive value for informa-

tion.

6 Some Final Remarks

One could generalize the definition of an updating rule to where it is now a map U: A x
[TxU(A,O) — R, where U (A,O) is a finite set of compact-action decision problems. That
is, the updating rule could adapt to the decision problem itself. In this case, our approach
would not work; in fact, there are other such updating rules (that systematically distort
beliefs) that respect the Blackwell order. For example, any updating rule that maps beliefs
within an element of the power diagram induced by the decision problem within the

element renders the value of information positive.

6.1 Non-Expected-Utility Preferences

Our results extend beyond the expected-utility realm. Specifically, Karni and Safra (2022)

introduce axioms that ultimately yield a value function

V(x):= r;glxw(lEx(@)u (a,@)) ,

where w: R — R is strictly increasing and convex.* Importantly, note that when A is fi-
nite, the projection of V onto A produces the same Power Diagram as that corresponding
to a DM with EU preferences, regardless of the shape of the (strictly increasing) w. It is

clear, then, that all of our proofs go through, replacing - with w(-) in the value function.

6.2 Updating Rules that Do Not Systematically Distort Beliefs

Although many updating rules in the literature systematically distort beliefs, not all do,

including some realistic ones. As noted by de Clippel and Zhang (2022), updating rules

4As Karni and Safra (2022) note, this formulation is similar to the smooth ambiguity representation of

Klibanoff et al. (2005), with the modification that w, here, is convex.
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that correspond to information aggregation failures or correlation neglect for multiple
signals may not systematically distort beliefs. What can we say about these rules?

Not much. Obviously, our sufficiency result continues to hold, but our necessity result
does not. For instance, an updating rule that is Bayes’ law for any experiment except a
completely uninformative experiment, in which case it produces some posterior other
than p with probability one, respects the Blackwell order. Some insights do carry over;
however, like the fact that updating rules with errors that produce more “extreme” beliefs

than Bayes’ law must do so for all less informative experiments. Mirroring Claim A.1,

Remark 6.1. Let experiments 7t and 7t’ correspond to pg and pj, respectively; and let
7t > 710’ If U respects the Blackwell order and is such that convsupp® (pg) € convsupp pp,

then convsupp ® (pg) ¢ convsupp pp.

6.3 A Weaker Notion of “Information is Valuable”

We could also ask what updating rules are such that a DM values any experiment over
no experiment. Defining W as in the proof of Theorem 5.1, we say that a DM Prefers

Ignorance if V (u) > E,W for some p corresponding to experiment 7.
Theorem 6.2. The DM prefers ignorance if and only if U produces an expansive error.

Proof. We begin by showing that if an updating rule produces a contractive error for some
x” and does not produce an expansive error, the DM does not prefer ignorance.

WLOG we may assume that there is an optimal action at y with a state independent
payoff of 0. Note that this implies V (x) = 0 and that V (x) > 0 for all x € A. Suppose for
the sake of contradiction that W (x’) < 0. The payoff of an arbitrary one of the optimal
actions at X" := ¢ (x’) that yields W has payoff ax + . By assumption, £’ € £,,. Moreover,
ap+p <0and, as supposed, ax’+ p < 0. However, this implies ax’+ < 0, which is false.

We finish by showing that if an updating rule produces an expansive error for some x’,
the DM prefers ignorance. It is easy to see that we can construct a binary experiment that
makes the DM prefer nothing to the binary experiment. Let pg be a corresponding binary

distribution over posteriors, with x’ € supp pp. By assumption X" and convsupp pg can be
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strictly separated by some hyperplane. Following the logic of many of the other proofs in

this paper, one can then construct a decision problem for which E,W <0 =V (). ]
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A Omitted Proofs

A.1 Proposition 3.3 Proof

Proof. Step 1 (“Bringing the Error Point In”): Fix p and r that yield pg with k affinely
independent points of support {xy,...,x;} (k € N, 2 <k <n), and let U have an expansive
error for pg. That is, for x; € supppp, ¢ (x1) = X1 € convsupppp. Let p =p; €(0,1) denote
P, (x1); and let p; € (0,1) denote IP,,, (xj) and X; := (p(xj) forall j=1.

Consider first two additional Bayesian distributions over posteriors. The first, py,
corresponding to experiment 7/, has support on a subset of {xi,xQ,...xk}; that is, all of
the support points except for the 1st one are also support points of pg. Moreover, let
X] € convsupppg \ {xi}, so that py is a strict MPC of pp. Let q € (0,1) denote IP, (xi ) Let
q; € (0,1) denote P,/ (xj) for all j = 1. Note that ¢ > p and q; <p; for all j # 1, with at least
one inequality strict.

The second, pj, corresponding to experiment 77"/, has support on a subset of {xi’, Xo,... xk};
i.e., all but the 1st support point are also in support of p;. Moreover, let x; = yx; +
(1-y)x} for some y € (0,1), so that this distribution is a strict MPC of py (and there-
fore also of pp) and so that x;, x| and x7’ are collinear. Let r € (0,1) denote IP,» (xi’). Let

€ (0,1) denote P (x]-) for all j # 1. Note that r > g and r; < g; for all j = 1, with at least

one inequality strict. Let X] = ¢ (xi) and £ == ¢ (xi’).
Claim A.1. Step 2 (“Banishing the New Points”): £ ¢ convsupp pp and 92’1’ € convsupp pp.

Proof. Suppose for the sake of contraposition that £; € convsupp pp. As %1 € convsupp pg,
{921} U conv supp pp, (which equals convsupp pg) and %, can be strictly separated by some
hyperplane

Hyp = {x € IR”_1|a X = /3’}.

WLOG we may assume convsupp pp is a strict subset of the closed half-space {x e R*! | a-x< ,8}.

Consider the value function V (x) = max {0, a - x — p}. Define the sets

A= {x]' e{Xz;---;xk}|“"ef>ﬁ}'
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and

B:= {xj €f{xp,..., xpfla X < ﬂ}.
We may relabel the points so that the first [ xs lie in A, the last (k —1 —1) xs lie in B. Thus,
the agent’s payoff under experiment 7t is

1

ij(wxj—/i)w(a-xl—/i),

=

whereas the agent’s payoff under experiment 7t’ is

Taking the difference of these two expressions, we obtain

Z(pf_qj)(“‘xj_ﬁ)+l7(a'x1—/3)<0.

)
]:2 | — —
>0 <0 <0

We have obtained a violation of Blackwell’s theorem. ]

Claim A.2. Step 3 (“If Distinct, then More Contracted = More Extreme Errors”): If ] # %7,

there exists a hyperplane that strictly separates x| and conv({aﬁi} U supp pl’g).

Proof. Suppose for the sake of contraposition that there does not exist a hyperplane
that strictly separates %] and conv({a&i} U supp pé). This implies, via the strict separat-
ing hyperplane theorem, that %] € conv({aﬁi}Usupp p;g), since the latter set is by con-
struction compact and convex. By Claim A.1, neither £] nor %] lie in convsupppj (as
supp pi C supp pp). Accordingly, x| conv({)?i'} Usupp pé). Thus, by the strict separating

hyperplane theorem, there exists an (n—2 dimensional) hyperplane that strictly separates

%7 and conv({a@i’} Usupp p;g). From here, the proof replicates that of Claim A.1. |
Claim A.3. Step 4 (“All Meet the Same End”): %, = %" =: £}

Proof. Suppose for the sake of contraposition not. Consider a third experiment 7' that

produces a correct distribution over posteriors p;g with support on a subset of

”
{xl,...,x,-_l,x,-,xl- ,x,-+1,...xk},
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where IP(x]-) = qj for all j # i and the probabilities of x;" and x; are precisely such that py
is a strict mean-preserving contraction of this distribution. By Claim A.2, there exists a
hyperplane that strictly separates £, and conv({a@{} Usupp pg ), H, s = {x € R"! | yex= 5},
where conv({a@lf} Usupp pg) is a strict subset of the closed half-space {x € IR”_I')/ x < 5}.
For value function V (x) = max{0, y - x — 6}, the difference in payoffs for the agent from

experiments 7t’ and 7t is strictly negative, a violation. ]

Step 5 (“Repeating Steps 1-4”): Consider second two additional Bayesian distributions
over posteriors pp and pg®, corresponding to experiments rt* and 7%, respectively. The
first has support on a subset of {xl,...,xt_l,xf,xtﬂ,...xk}, where t € {2,...,k}. Again, all
but one of the support points are also in support pg, but now the support point we are

changing is not the 1st. Moreover, let

x; € convsupppg \ (conv (supppg \ {x1}) U {x;}),

i.e., x{ is neither x; nor a convex combination of exclusively points in the support of pg
other than x;. pj is a strict MPC of pg. Let s; € (0,1) denote P s (x]-) for all j. Note that
St>ppS=sy<py=p,ands;<p;forall j=t¢1.

The second has support on a subset of {xl,...,xt_l,fo,le,...xk}, where t € {2,...,k}.

Yet again, all but one of the support points also support pg. Moreover, let

x{® € convsupp pg \ (conv (supp p5 \ {x1 }) U {xtA}),

i.e., x* is neither x7* nor a convex combination of exclusively points in the support of
pg other than x;. Let x{* = yx; + (1 —y)x;* for some y € (0,1) so that x;, x*%, and x, are
collinear. This distribution is a strict MPC of pj (and therefore also of pg). Let uj€(0,1)
denote ]Ppl%A (xj) for all j. Note that u; >s;, u =uy <s; =s,and u; <s; forall j=¢,1. Let
20 = (p(xf) and ££° = (p(xtM).

We have the following three claims, the proofs for which mirror (mutatis mutandis)

those for Claims A.1, A.2, and A.3, respectively, and which we, therefore, omit.
Claim A.4. £ ¢ convsupp pp and £* & convsupp pp.

Claim A.5. If £ = 2%, there exists a hyperplane that strictly separates £;* and conv ({ﬁf] Usupp pg).
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Claim A.6. £ = 20 =: %].
The final step is to fill in a small gap.

Claim A.7. Step 6 (“Filling in a Small Gap”): Let U have expansive errors for distinct poste-
riors x,y € A. If

eAx+(1-1)y)=9V Ae€[0,17) (A" €(0,1)) and @(Ax+(1-A)y)=xV Ae(A"1],
£=9=@Ax+(1-X)yp) forall A €[0,1].

Proof. WLOG x, v, and p are collinear. First, we show that £ = 9. Suppose not. Evidently,
conv {X,x,y} and {9} can be strictly separated by a hyperplane or conv {9, x,y} and {£} can
be strictly separated by a hyperplane. WLOG we assume the former. Let such a strictly
separating hyperplane be

Hgyp = {x € 1R”‘1|a~x = /3}.

WLOG we specify that conv {%, x, p} is a strict subset of the closed half-space {x e R*! | a-x< ﬁ}
Consider the value function V (x) = max {0, @ - x — B} and two distributions pp and p with
support on {x,y} and {x’,y} where x" = Ax + (1 — A)p for some A € [1 —¢,1), where ¢ > 0 is
small. Let p := P, (v) and p’ := P (v) and observe that p’ < p. By construction, py is a
strict MPC of pg. However, the DM’s payoff under the formeris p’(a-y—f) >p(a-y—p),
her payoff under the latter, so U does not respect the Blackwell order. By contraposition,
we must have X = 7.

Finally, define x° := A*x + (1 — 1¥) y. We want to show that X = ¢ (x°) =: £°. Otherwise,
we could construct three distributions pg, with support on {x,x°,v}; pp, with support on
{x",v}, where x” € (x,x°) and y" € (x°,y); and pj, which either has support on {x°,y”’} where
v” € (x°,9’) or is d,.. By construction pj is a strict MPC of pj, which is a strict MPC of
pp. Following the previous paragraph’s approach, it is apparent that if £° = X either p’
is strictly preferred to p or p” is strictly preferred to p’, which establishes the result by

contraposition. [

This concludes the proof of the proposition. ]

31



A.2 Lemma 3.4 Proof

Proof. Let x1,x, € A be such that y = Ax; + (1 -A)x, for some A € (0,1) and such that
@ (p) € convi{xy,x;}. Let pg have support {x;,x;}. If U has an expansive error for pg,
we are done. Otherwise, consider instead py = ypp + (1-7)9, for some y € (0,1). By
construction, U has an expansive error for pl’g. But then we can generate a fusion of pé,
pp, with support on {x3,x4} where x5 = 7x; + (1 -7)p and x4 = 1x; + (1 —1) p, for some
appropriately chosen 7,1 € (0,1). If U is not expansive for py, the value of information is

not positive, which proves the result by contraposition. ]

A.3 Lemma 3.5 Proof

Proof. Consider pg, corresponding to 7@ with supp pg = {0,z} (z € (4, 1]), where z > @ (z) =
Z > p. Also consider p]’g, corresponding to 7/, with support {0,z’} with z’ € (2,z). Let
p="Py (z’). Evidently, we cannot have 2’ := ¢(z’) > Z or else value function V (x) :=
max{O,x - L;Z} illustrates that U does not respect the Blackwell order.

Following the same logic, for py with support {0,z”} with z” € (£’,z’), we must have

2”7 = @(z"”) < 2. Suppose for the sake of contraposition that 2" < 2. Consider the ternary

distribution with support {0,z”, 2}, pj/, corresponding to experiment 7™, with IPm (0) = 1-

2’+2”}

p. Observe that pj is a strict MPC of p}'. Consider value function V (x) := maX{O,x -5

After some algebra, we see that 7’ is strictly superior to 7" under U if and only if

Z/ _ Z// 2/ + 2// < , 2/ + Z’\// @ ., Z’\/ + 2// > O
z— z - 7’ —
p z—z2" 2 p 2 2 ’

which holds as z”7 > 2" > 2”.

Accordingly, U does not respect the Blackwell order and so we must have 2’ = 2”.
Thus, we must have ¢ (x) = x* > p for all x € (x7, 2).

If z =1, we are done. Suppose now that z < 1. Suppose there exists some y € (z,1)
with 9 := ¢ (y) > x*. Evidently, for all v’ € (y,1), 9 := ¢ (v’) > ¥ or else we could construct
a value function for which information has strictly negative value under U. Consider pg,
corresponding to @ with support {0,z—¢,y’}, with € € (0,z—-x"); and pg, corresponding
to 7" with support {0,y}. Let 1 —p =, (0) = IPpé(O), p =P, (), q =Py, (y’), and
p-q:="P, (z—¢), with (p—q)(z—¢€) +qy" = py.
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For value function V (x) = max {O, X — w} the DM strictly prefers 7¢” to 7w under

U if and only if

min{z—¢,9} +x" , min{z—¢,9}+x"

which holds if and only if

mini{z—¢,9} +x*
yes { 2,32} ,

which holds by assumption, yielding a strictly negative value for information. ]

A.4 Proposition 3.6 Proof

Proof. WLOG x’ € (u,1). By assumption ¢ (x’) =: ' > x’ By Proposition 3.3, for all x €
(0,x'), @ (x) = x*, where x* > £’ > x’.

*

Claim A.8. ¢ (x*) = X" = x".

Proof. If £* > x*, then by Proposition 3.3, if U respects the Blackwell order, ¢ (x”) > £*, a
contradiction.

Next, suppose for the sake of contraposition that X* < x*. Figure 6 illustrates this proof.
Observe that i) £* > x” and ii) for all z € (£*,x), @ (z) = £ < £* (or else we could generate
a strictly negative value of information). However, then consider two experiments, pg,
with support on {0, x’#, x*} with p =T, (x*) and q =P, (x’%), and pj with support on

{0, 2 }, where

D% * i

X+xt . X +p
(p+q)——=px' +q——.

Then, consider value function

f*;x*_'_x*
V (x) = max O,X—T ,

which reveals that pj (which yields a payoff of 0 to the DM under U, ignoring the payoff
from 0 as it will cancel out) is strictly preferred by the DM to pg (which yields a strictly
negative payoff to the DM). ]

Claim A.9. @ (x) = x" for all x € [x’,x*].
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Proof. Figure 7 illustrates this proof. Evidently, we must have ¢ (x) < x* for all x € [x/,x*].
Suppose for some z € [x’,x*) ¢ (z) =: Z < x*. Consider pg, corresponding to 7t, with support
on {0, 4, x*} (with respective probabilities 1 — p, p —g and q) and py, corresponding to 7/,
with support on {0, z} (with respective probabilities 1 — p and p) and where we must have
pz=(p—q)p+qx". Then for value function

V(x):max{o,x_w},

2
the DM’s payoff from 7’ is strictly higher than that from 7 under U if and only if

max {2, z} + x* max {2, z} + x* )
- ~ )

O>Q(x*—f)+(l7—q)(ﬂ_ B

which holds if and only if

which is true by assumption. By contraposition we obtain the result. ]

Evidently, ¢ (y) =: 9 > x* for all y € (x*,1] or else we could get a strictly negative value
for information. Moreover, if > y for some p € (x*,1), that would imply £* > 9 > x*, a
contradiction. Thus, 9 < p for all y € [x*,1]. Finally, if y < y for some y € (x*,1), then

Lemma 3.5 implies there exists some X € [x*,y) such that ¢ (x) = % for all x € [%,1). [

A.5 Proofs of Claims in Theorem 3.1’s Proof
A.5.1 Claim 3.7 Proof

Proof. Fix some e; for which U produces an expansive error and pick an arbitrary face
of A, S,,, that has e; as a vertex. By the definition of an expansive error, é; := @ (e;) €
¢,;, the line segment between e; and p. If the face S,, = A, we can construct the binary
distribution, pg, with support {e;, x,}, where x; is such that g = Ax, + (1 - A)e; for some
A €(0,1). For any A that is sufficiently close to 1, é; € convsupp pg. By Proposition 3.3, U
produces an expansive error for all x € intconvsupp pp, which includes some x € intA.

If the face S,,, # A then we construct the distribution pg with support {e;, x1, x,}, where
x1 €intS,, and x, € intA. For all x; sufficiently close to e; and all x, sufficiently close to
p (with p € intconvsupp pg), é; € convsupp pg. Thus, Proposition 3.3 implies U produces

an expansive error for all x € intconvsupp pg, which includes some x € int S,,,. ]
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A.5.2 Proof of Claim 3.8

Proof. Omitted, as the proof follows the proof of Proposition 3.3 nearly exactly. ]

A.5.3 Proof of Claim 3.9

Proof. Following the proofs of Claims A.8 and A.9, ¢(x) = x* = £, € intS; for all x €
£° (x*, e;*). Moreover, following the remainder of the proof of Proposition 3.6, either i.
@ (x) = x for all x € intS; \ €° (x*,e;‘); or ii. there is some X € intS; \Zo(x*,e;*) such that
@(x)=xforall x eintS; \¢° (JZ, e;) and ¢ (x) = x for all x = Ax*+(1 — 1) % for some A € [0, 1].
Suppose for the sake of contradiction that £ # x*. However, then by the first case of this

theorem’s proof, ¢ (x) = x* = % for all x € intA, which is false. Thus, ¥ = x*. ]

A.5.4 Claim 3.10 Proof

Proof. Suppose for the sake of contraposition that é; and conv {e;, x*} can be strictly sepa-
rated by a hyperplane

Hgyp = {x € IR”_1|a-x = /3}
WLOG, we may assume conv{e;, x*} C Hiﬁ = {x € IR”‘1|0c x < ﬁ}, which implies é; € A\

<
Ha’ﬁc

Consider the value function V (x) = max{0,a -x—f}, and let pg have support {e;, v}

with p :=TP, (e;). The payoff to the DM from pg is

p(aei_ﬁ))

which is strictly decreasing in p, yielding a strictly negative value of information. ]

A.6 Lemma 4.3 Proof

Proof. Let ¢ (x) = x for some x € supp pg. WLOG we may suppose that pp is binary, since
we can always just collapse the points other than the specified x to their barycenter, x. If
pp, does not produce an expansive error and ¢ (x) € ¢, then ¢ (x) € {,. However, as x = y,

pp must produce an expansive error, a contradiction. [
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A.7 Proposition 4.5 Proof

Proof. Let pp, corresponding to 7, have n affinely independent points of support {xy,...,x,}
and U have a contractive error for one of them, WLOG x;. Let p = p; € (0,1) denote

P,, (x1); and let p; € (0,1) denote P, (xj) and %; = (p(xj) for all j.

PB

Step 1 (“Edge Points Mapped to the Prior”): Consider another Bayesian distribution
over posteriors, pé, corresponding to 7/, with support on {xi,xz,...,xn}; that is, all of
the support points except for the first one are also support points of pg. Moreover, let
x; € €°(xq,x,) for some s # 1, so that py is a strict MPC of pg and x] lies on the edge

between x; and x;. Let p’ € (0,1) denote P, (xi) Let p]’- € (0,1) denote PP, (x]-) for all

j# 1. Note that p’ > p, p; < p; and p]’- =pjforall j=1,s.
Claim A.10. %] := (p(xi) = .

Proof. As U does not produce an expansive error, £ € {,;, where possibly £] = x}. Sup-
pose for the sake of contraposition that 9?1 # u. In that case the sets conv {fi,xi,xl} and

conv {£1, u} can be strictly separated by a hyperplane

Hgyp = {xe 1R”_1|a-x:/3}.

WLOG we may assume that conv{ﬁ%,x%,xl} is a strict subset of the closed half-space

{x € R"! | a-x> /3}. Consider the value function V (x) = max{0,a - x — f}. We may ignore
points x; with j = s,1. Since we are assuming that there are no expansive errors, we may
WLOG assume a - %5 > f and «a - x; > . Thus, the agent’s payoff under experiment 7 is
ps(a-x;—p), and her payoff under experiment 7" is p;(a - x;— ) + p; (a - X1 —ﬁ). Taking

the difference of these two expressions, we obtain
(ps_p;)(a -xs—/i)—pi (a 'xi _ﬁ) =-pi(a-x _/5) <0,

—_ ) / _ Vi Y Vs
as ps+py = pe+p) and pexs + prx; = poXs + plx. =

Now another Bayesian distribution over posteriors, p;g, corresponding to 7', with sup-
port on

.I.
{xl,xz,...,xs— 1,x5,x5+1,...xn},
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where s # 1. By construction, all of the support points except for x! are also support
points of p;g. Moreover, let x! € £°(xy,x,), so that p}; is a strict MPC of pg and x lies on
the edge between x; and x,. Let p' € (0,1) denote ]PPE (xJ{) Let p}L € (0,1) denote IPP}; (x]-)

for all j # 1. Note that p™ < p, pf > p, and p;.r =pjforall j=1,s.

Claim A.11. %! = (p(x*) =

S

Proof. Omitted as it is virtually identical to the proof of Claim A.10. [

Step 2 (“Face Points Mapped to the Prior”): The final step is to show that the points in
intconvsupp pp must all be mapped to u by ¢.

i. Consider any 2-dimensional face of the simplex A, := convsupp pp for which two
(of the three) edges, S;B,i and S;B,l' share vertex x;. Evidently, any point x € intA, can be
obtained as the strict convex combination of points x; € int SéB’ ;and x; € S;B,l' It is easy to
see that for all such x, U respecting the Blackwell order (and not producing a contractive
error) implies ¢ (x) = p. If n =2, we are done.

ii. If n > 2, consider any 3-dimensional face of A, for which three (of the four) 2-d
faces are those specified in i. Following the same logic, any point in the relative interior
of this collection of 3-d faces must be mapped to yu by ¢. If n = 3, we are done.

iii. If n > 3, consider any 4-dimensional face...and so on.

This process continues until we arrive at a single face is of maximal dimension (A,,),

when it terminates, allowing us to conclude the result. ]

39



	Introduction
	Related Work

	Setup
	Additional Preliminaries

	Expansive Errors
	Two States
	Proof of Theorem 3.1

	Contractive Errors
	Two States

	Updating Rules that Respect the Blackwell Order, and Those That Do Not
	Some Final Remarks
	Non-Expected-Utility Preferences
	Updating Rules that Do Not Systematically Distort Beliefs
	A Weaker Notion of ``Information is Valuable''

	Omitted Proofs
	Proposition 3.3 Proof
	Lemma 3.4 Proof
	Lemma 3.5 Proof
	Proposition 3.6 Proof
	Proofs of Claims in Theorem 3.1's Proof
	Claim 3.7 Proof
	Proof of Claim 3.8
	Proof of Claim 3.9
	Claim 3.10 Proof

	Lemma 4.3 Proof
	Proposition 4.5 Proof


